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^t- : 

Q\ . We discuss the reduction of gravitating Chern-Simons electrody- 

*q | namics with two commuting Killing vectors to a dynamical problem 

with four degrees of freedom, and present regular particle-like solu- 
5— i . tions. 

In three space-dimensions, the abelian Higgs model coupled to Einstein grav- 
ity is known to admit static multi- vortex solutions ]l| . Stationary vortex so- 
lutions arise when a Chern-Simons term for the gauge field || f| is added. 
We shall show here that, in this last case, the Higgs field is not really neces- 
sary, as sourceless gravitating Chern-Simons electrodynamics admits regular 
particle-like solutions. 

In the present talk, we first discuss the reduction of gravitating Chern- 
Simons electrodynamics with two commuting Killing vectors to a dynamical 
problem. We then present exact particle-like solutions to this problem in 
the case where the cosmological constant is negative. Finally, we briefly 
discuss the generalization to the case where Einstein gravity is replaced by 
topologically massive gravity M. 

* invited talk at the workshop on Geometry of Constrained Dynamical Systems, Cam- 
bridge 15-18 June 1994 
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The action for gravitating Chern-Simons electrodynamics is the sum 

I = I G + Ie, (1) 
of the action for Einstein gravity 

I G = -m J d 3 x y^i {gT R,u + 2 A) (2) 

(m is related to the Einstein gravitational constant k by m = 1/2/c, while A 
is the cosmological constant), and of the action for Chern-Simons electrody- 
namics 

I * = -\f &*(yl\9\sT <T F» p F va - peT" F, v A p ) , (3) 

where F^ u = A u .^ — A^. u , and p is the topological mass constant. 

Let us assume that our three-dimensional space-time has two commuting 
Killing vectors Ki, K 2 . The metric ds 2 is then invariant under the SL(2,R) 
group of transformations in the plane (K\,K-2), which is locally isomorphic 
to SO (2,1). A parametrization of the metric making this invariance manifest 
is 

ds 2 = \ ah {p) dx a dx b + C\p) R- 2 {P) dp 2 . (4) 
In (4), A is the 2x2 matrix 

H T y x t Y - x ) < 5 > 

of determinant R 2 = X 2 , where 

X 2 = T 2 -X 2 - Y 2 (6) 

is the Minkowski pseudo-norm in the minisuperspace spanned by the vector 
X. The light-cone R 2 = divides this minisuperspace in three regions. The 
signature of the metric (4) is Lorentzian with p space-like if X is space- 
like, Lorentzian with p time-like (cosmology) if X is past time-like, and 
Riemannian if X is future time-like. The function ((p) in (4) plays the role 
of the usual lapse function by allowing for arbitrary reparametrizations of 
the coordinate p. We complete this parametrization by assuming the ansatz 
for the gauge potentials: 

A,dx^ = ^ a {p)dx a . (7) 
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Consider first the case of gravity alone ||. The action Iq reduces with 
the parametrization (4) to 

I G = -Jd 2 xJdp[C^X 2 + 2C 1 mA] (8) 

(with ' = d/dp), where ( acts as Lagrange multiplier. Varying the action (8) 
with respect to X and fixing ( = 1, we find that the metric follows a geodesic 

X = ap + f3 (9) 

of minisuperspace. The variation of Iq with respect to ( leads to the Hamil- 
tonian constraint (written for ( = 1) 

TYl ' 2 

H = -— X + 2mA = 0, (10) 

which fixes the squared slope a 2 . A particularly interesting class of solutions 
are the BTZ black-hole solutions for a negative cosmological constant A = 

-I- 2 1, 

ds 2 = (2l- 2 p- y)dt 2 + Jdtd9-(2p+^)d9 2 

p _ M 2 /2 

-[4rV+ 4 ]- X d P 2 , (11) 

where 9 is an angle. These are regular, with two horizons (X past light-like) 
if | J| < M/. The parameters M and J may be interpreted || as the mass 
and spin of these 'particle-like' metrics. 

We now consider the full action (1), which reduces with the parametriza- 
tion (4), (7) to / = Jd 2 xJdpL, with 

L = - [((-mi 2 • Xip) -fi^ip -4C _1 mA] . (12) 

The real Dirac-like matrices in (12) are defined by 

^UO^U^.^O-O- (13) 

and 

^ = V T £° (14) 



3 



is the real adjoint of the 'spinor' if). Our reduced dynamical system (12) has 
five degrees of freedom, parametrized by the coordinates X, if) and the con- 
jugate momenta P = dL/dX, U T = dL/dif). The invariance of the original 
action under diffeomorphisms implies the invariance of (12) under SO(2,l) 
transformations, which leads to the conservation of the angular momentum 
vector 

J = L + S, (15) 
sum of 'orbital' and 'spin' contributions given by 

L = XAP, S = ^U Tl Sif). (16) 

It follows that, as implied by the notation, the components g a b of the metric 
tensor transform vectorially under the action of SO (2,1), while the gauge 
potentials transform spinorially. 

In the case fi = 0, the coordinates if) a are cyclic, so that the two cor- 
responding degrees of freedom may be eliminated altogether M. If /i ^ 0, 
variation of the Lagrangian (12) with respect to ip leads to the first integrals 

n T -f? = ^ T . (i7) 

Treating (17) as a pair of second-class constraints, we eliminate the IP in 
terms of the ip a . Actually it is more convenient to use, instead of if), the 
translated spinor if) = if) — n~ l w T ', in terms of which the spin vector S takes 
the form 

S = S+— ro T Sro T , (18) 

with 

5 = ^S^. (19) 
It then follows from the Dirac brackets of the if) (written in matrix form) 

[^,^ T ] fl = -/i- 1 S°, (20) 
that the Dirac algebra of the S l is the angular-momentum algebra 

[&,&]!) = e* k S k . (21) 
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Note however that S is a very special spin vector, as it is null, 



S 2 = , (22) 

owing to the reality of the ip a . From now on, we shall choose the gauge 
vo T = 0, which amounts to dropping the hats in eqs. (19)-(22). 

The canonical Hamiltonian derived from (12) may be expanded in terms 
of the remaining variables X, P and ip as 

ffE-^-2/iS.^ + 2mA, (23) 
2 m R l 

corresponding to a dynamical system with four degrees of freedom (point 
particle coupled to a null spin vector). The energy of this system is fixed by 
the Hamiltonian constraint 

H = . (24) 
The Hamiltonian (23) generates the equations of motion 

* = -^, 

m 

S = ^XAS <=► ^ = -^S-X^. (25) 

Using these equations, we can easily prove the following 

Theorem: The only static solution (Y = 0) to gravitating Chern-Simons 

electrodynamics is empty space (S — 0, implying ip = 0). 

It does not seem possible to obtain the general solution of eqs. (24), 
(25) in closed form. However we can construct a class of planar stationary 
rotationally symmetric solutions such that J ■ X = for A negative or zero 
(we can show that the constant vector J must be null in this case). These 
solutions are, for A = — Z -2 , 

ds 2 = ( 2 r 2 p - ^l)dt 2 - iM{ P )me - (2 P + z 2 ^V 2 - 1% , 

2 2 4 p 

dx» = c p-^l 2 (df + I d6) , (26) 
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with 

M(p) = M-£--£-p->*. (27) 
4 m pi + 1 

For /i>0,m>0,M>0 the metric (26) is regular (p = is at infinite 
geodesic distance), horizonless, and asymptotic to the BTZ extreme black- 
hole metric (eq. (11) with \J\ = Ml). Because of these properties, we suggest 
that solution (26) qualifies as the particle-like solution of gravitating Chern- 
Simons electrodynamics. In the limit p — > 0, this solution reduces to a 
dyon extreme black- hole solution of Einstein-Maxwell gravity j7|. The planar 
'electrostatic' solutions for A = 0, 

r 2 

ds 2 = (a + b r + e~ 2 n dt 2 -2a dtd9- dr 2 , 

4m 

A ll dx tt = ce- ,ir dt, (28) 

are again regular for p > 0, m > 0. 

We briefly discuss the generalization to the case where Einstein gravity 
is replaced by topologically massive gravity (TMG). The action (8) must be 
replaced by the action for TMG 

Ig = -m J d 3 x[^J~\g\(gL lu R llu + 2A) 

- ^7 ^ Tr ( r A W» + l T * T » F -)] > ( 29 ) 

where the T\ are the connections written in matrix form, and // is the topo- 
logical mass constant for gravity. This gives rise, with the parametrization 
(4), to the generalized Lagrangian 

L G = ~ [- C 2 (X A X) ■ X + C X 2 + 4 r 1 A] . (30) 

— 

Solutions to the equations of motion deriving from (30) are discussed in 0. 
The equations of motion for Chern-Simons electrodynamics coupled to TMG 
are currently under investigation JJ. We have been able to show that these 
equations again admit particle- like solutions of the form (26), with the 'mass 
function' (27) replaced by 

M(p) =M-a p^'W - b p-» l . (31) 
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To conclude, let us mention that extreme BTZ black holes (just as extreme 
Reissner-Nordstrom black holes) do not interact, so that stationary multi- 
extreme-black-hole systems (with auxiliary conical singularities) are possible 
|10|j . It is very likely that stationary multi-particle solutions to gravitating 
Chern-Simons electrodynamics may likewise be constructed from the particle- 
like solution (26). 
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